Entanglement swapping of the valence-bond solid state with local filtering operations 
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A basic problem of quantum communication is to generate entangled states between distant sites. 
Using entanglement swapping, we are able to generate an entangled state of the desired distance 
from connecting many short distance entangled states. We investigate the entanglement swapping 
of the Valence- Bond Solid state with un-identical local filtering operations. It is found that not only 
a long distance entangled state can be generated from the VBS state, but also there is a trade-off 
between the probability and the degree of the entanglement in the resultant state. The results are 
also generalized to higher dimensional cases. 
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The goal of quantum communication is to transmit 
quantum states between distant nodes. If a nearly per- 
fect entangled state is shared between distant nodes, a 
quantum state can be faithfully transferred via quantum 
teleportation [l[ . By entanglement swapping 0] , a maxi- 
mally (perfect) entangled state of desired distance can be 
generated from connecting short distance maximally en- 
tangled states. For a chain of non-maximally entangled 
states, one entangled state can be generated between two 
ends at the chain while the degree of the entanglement 
decays exponentially with the number of nodes when the 
connecting states are identical [1]. The exponential de- 
cay of the entanglement is a basic constraint for long 
distance entanglement generation. One may, however, 
overcome this difficulty by various schemes depending on 
real physical systems 0,13, while essentially the entan- 
glement with exponential decay as a whole is divided into 
segments of off-line entanglement preparation. Still the 
basic constraint of entanglement with exponential decay 
in each segment exists. Currently, almost all realistic 
quantum communication schemes are based on photonic 
systems which are very attractive for long distance quan- 
tum communication, such as over several hundred kilo- 
meters. However, in a quantum computer based on solid 
states, it is still necessary to transmit quantum states in 
nano-micron scale. The Valence-Bond Solid (VBS) state 
is a fundamental solid state system, which is well stud- 
ied in the context of condensed matter physics Q and is 
found to be the ground state of the gapped system 0. 
More interestingly, the related states may also be use- 
ful for universal quantum computation Q and quantum 
computation by measurements [§] . Yet the entanglement 
swapping implemented by the VBS state has not been 
addressed. In this Letter, we show that a long distance 
entangled state can be generated from the VBS state 
with local filtering operations by entanglement swap- 
ping. A remarkable observation is that in entanglement 



swapping of the VBS state the product of the degree of 
entanglement and the probability to obtain this state is 
a constant, i.e., there is a trade-off between the degree of 
entanglement and the probability of the resultant state. 
This provides a basic constraint for entanglement gener- 
ation based on the VBS state. The result can also be 
generalized to higher dimension cases. 

On the other hand, entanglement is not only a resource 
for quantum information processing, but also it could 
lead to further insight into other areas of physics. This 
has stimulated an excitin g cr oss-fertilization among those 



research areas, see Ref. for a review. The study of 



the VBS-type ground state of many-body systems with 
methods developed in quantum information may unveil 
new properties. In particular, the study of entanglement 
swapping for the VBS state is directly related to the lo- 
calizable entanglement and the string order parameter 
that reveals a hidden topological long range order. 

Entanglement swapping protocol and the VBS state 
with local filtering operations- We denote the maximally- 
entangled state as |$+) = (|00) |11))/V2. The 
entanglement-swapping relation [4] takes the following 
form which is similar to the well-known teleportation pro- 
tocol [H, 
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where cr^ are the Pauli matrices (Ji — o'x,U2 — (^zt'^j, — 
Uxi^z and the identity matrix ctq = / in two-dimension. 
Here we denote four Bell states as (/ ® 0-^)1$"'") = 
which are four orthogonal maximally entangled states. 

We now recall the local filtering operator Tj — 
\/2(aj|0}(0|-h/5j|l)(l|) (with + = 1) introduced 
in Ref.[10|, which in general is not unitary and 'squashes' 
the entanglement. The state |<I>j) = aj|00) + fij\l\) can 
then be written in terms of the local filtering operator as 
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= (/ (g) For two entangled pairs with the 

corresponding local filtering operators, the entanglement- 
swapping relation gives 

1 ^ 

\^q) Ab\^i)cD = 77 )AD\4''dBC, (2) 

i=0 

where we have additionally used the property (Tj (g) 
I)\^+) = (/ (g) Tj) !<!>+). Performing the Bell-state mea- 
surement at nodes BC, the resulting states between 
nodes A and D are (/ (g TitTiro)!*^^)^!) with a normal- 
ization factor. Here we would like to point out that if 
a local filtering operator T' has off-diagonal entries, it 
can be changed to a diagonal operator T as T = UT'V 
where U and V are unitary. From entanglement theory, 
we know that this transformation docs not change the 
entanglement. 

Now let us consider a generalized VBS state, 

N 

\V) = nK-«]^Vi - /3,6]«]+i)kac), (3) 

j=0 

where j is the lattice site, and fcj are bosonic opera- 



We notice that the lattice site 1 is in a three- 
dimensional Fock space in the bosonic representation 

as a\b\\vac), ^^-^-\vac) and \vac). We may, how- 
ever, represent the Fock space by two-qubit states as 
a\b\\vac) EE (101) + |10» ^-^\vac) ee |00), ^|mc) ee 
here we have used the notations aj\vac) = \0)j and 
6] I doc) = Note that there is no singlet state (anti- 
symmetric state). Then {ajajbj_^i — /3j5jaj^_j^)|wac) = 
QfjlOl) — /3j|10), which can also be written as (/ (g) 
a^Tj)]^'^) = l^'j). Since the local filtering operators are 
present in the equation, we thus call state ([3|) as the VBS 
state with local filtering operations. 



It is observed that the result in ^ is like the entangle- 
ment swapping with excluding the antisymmetric state. 
Nevertheless, similar to the entanglement swapping ([2]), 



tors satisfying [a] , fcj] = [a], aj] = [6], fo]] = 0. \vac) is the 
vacuum state. For aj — (3j — l/v^, the state \V) is the 
standard spin-1 VBS state which is the ground state of 
the gapped model (AKLT) 0. The state © can be con- 
sidered as a generalization of the VBS state, it changes 
continuously from the ferromagnetic state to VBS state 
by changing parameters aj and (3j . The state ^ is also 
the ground state of the AKLT model with chiral param- 
eters. 

1 2 N N-l-1 

A schematic diagram for a chain of entangled states: two 
black dots connected by a line represent an entangled 
state with a local filtering operator T, and circles denote 
the projection onto the symmetric subspace of spin-1. 
By Bell measurement on each circle, an entangled state 
is shared between nodes 0, -I- 1. 

We start from a simple case with only two terms in 
dll), for instance j — 0,1, 
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we can still reformulate Eq.Q as, 
1 

= 5'Bc|*o)AB|*i)cr> 

3 

ad\4'i)bc, (5) 

where we have used the notation \(j>i) = {a^ g) 0-^)1$+), 
A and D are respectively the lattice sites and 2, and 
both B and C correspond to the lattice site 1 in (l4|). The 
essential difference between Eq. ([5]) and Eq. ^ is the 
operator Sbc that projects the two-qubit space to its 
three-dimensional symmetric subspace, i.e., the singlet 
state is projected out. Consequently, the summation in 
([5]) goes from 1 to 3, rather than to 3. Note that the 
normalization factor is omitted in Eq. 

By repeatedly using this result, the VBS state with 
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local filtering operations ([3]) can be formulated as 
1 ^ 

|y) = -= J2 (/®7',,...,„)|$+)o^+i|0.,...0.„),(6) 

where i 

= a^TNO-ij^TN^i-.-CTi^To, and l/y'Ptot is 
the normalization factor to be explicitly given below. 

Entanglement swapping of the VBS state: Gen- 
eral results-het us begin with the simplest case as in 
(l5|). By Bell measurement operation in node {B,C) 
with {|(/>)i}f=ii the states shared between nodes A 
and D are: (aoQ^ioJ&J + Po/3ibla\)\vac) , (ao/3iaJa2 + 
aiPQbQb\)\vac) and {aoPiala\ — aiPoblb\)\vac) with 
respectively probability jaoaip + |/3o/3iP, |q;o/3iP + 
|/3oaip and |q:o/3iP + |/?oaiP, while the resul- 
tant entanglement quantified by concurrence, a well- 
accepted entanglement measure [13], takes the form 
|ao/3oai/3i|/(|aoaiP + |/3o/3iP), |ao/3oai/3i|/(|ao/3iP + 
|/?oaip) and |ao/3oai/3i|/(|ao/?iP + |/3oaiP) correspond- 
ingly. Our observation is that for each resultant state, the 
product of the probability and the corresponding concur- 
rence equals to a constant |ao/3o| x |ai/3i|, which is just 
the product of the two concurrences corresponding to the 
original valence-bond solid states (aoaJ&| — (3obQa\)\vac) 
and {aia\b2 — /3ib\a2)\vac) . For an ideal case where the 
original states shared arc maximally entangled states, we 
can always obtain a maximally entangled state shared be- 
tween nodes A and D with the probability one. While 
for a general case, if the entanglement is large, the prob- 
ability of obtaining it is small, and vise versa. This is an 
interesting result: for entanglement swapping of the VBS 
state with local filtering operations, there is a trade-off 
for the resultant state between the probability and the 
degree of the entanglement; their product is uppermost 
bounded by the degree of original entanglement. The 
reason to have such upper bound lies in that other mea- 
surements different from the Bell measurement generally 
diminish the final entanglement. 

Considering the VBS state in ([6]), by a sequential 
of Bell measurement in nodes 1, ...,7V corresponding to 
the measurement outcome 1 ),..., with probabil- 

ity Prob(ii...ZAr), the final resultant state shared between 
the two end nodes is 

\i')0N+l = iI®'fz^...,„)\^+)0N+l/VK^- (7) 

Here the probability to obtain this state is 
Prob(ii...iAr) = Pti...i,^ / Psum, with Pii...i„ = 
^Ti-{TN-.(7.i^ToT^al^...T'l) and Ps„,„ = 

j =1^21. ..iiv ^s a normalization factor. (Of 
course, the summation of all probabilities equals to 
one: J2Pii --iN — !)■ Note that the measurement 
result corresponding to the singlet is ruled out. The 
concurrence of the final state jf/'oAf+i) defined as 
= 2y^det(p7v+i), with pn+i as the reduced 



density operator, is found as 

N 

where Cj = 2\ajj3j \ is the concurrence of the j-th valence- 
bond state (Q;ja^5j_|_j^ — /3j6jaj_|_j^)|'i;ac). At this stage, we 
establish an explicit relation between the probability of 
obtaining a resultant state and its degree of entangle- 
ment: 

N 

Prob(ii...ijv)Cii...i„ = ]^Cj7Ps«m, (9) 

noting that the RHS of the above equation is a quantity 
independent of the measurement details. If the proba- 
bility is large, the corresponding entanglement is small, 
and vise versa. As a result, although a long distance en- 
tangled state can be generated from the VBS state with 
local filtering operations, one can only increase either the 
probability or the degree of the entanglement for the re- 
sultant state, but not both if the original entanglement 
of each valence bond Cj is fixed. 

Entanglement swapping of the VBS state: Examples- 
We consider a special case where all local filtering oper- 
ators are the same Tj = T ^ \/2(a|0)(0| + /3|1)(1|). In 
this case, the entanglement of each valence-bond state 
{aa^jb^j^i — I3b'^ja^jj^i)\vac) equals to C = 2|a/3|. By entan- 
glement swapping, we have 

¥^h{i^...iN)C^,...^^ =C^+^/Psum- (10) 

If the original entanglement of the valence-bond states 
are not maximally entangled, either the probability or 
the degree of the entanglement decays exponentially. For 
example, if N is even, by some calculations, it is possible 
that the final state shared between two ends is a max- 
imally entangled state: (aj6jy_|_-^ — bQa]^f_^_^)\vac), mean- 
while the probability to obtain this state decays exponen- 
tially with the number of bonds N, i.e., Prob(ii...ijv) — 
/ Psurn simply because the entanglement of the final 
state Cij...,;„ = 1. For the case where no local filtering 
operators are present, we know that the final entangle- 
ment is always one, i.e., the final state is one of the three 
Bell states (exclusive the singlet state) exactly with the 
probability 1/3. The entanglement swapping of identical 
non-maximally entangled states in a chain and a network 
was also addressed before [3]. 

Entanglement swapping in higher dimension with lo- 
cal filtering operations- The generalized Pauli matrices 
in D-dimension are defined as Z = '^^u}^\j){j\, X = 
+ lmodD)(j|, where u = e^W^, {b)}f=o' is 
an orthonormal basis, and {U„in — -^"'^"Im^io 
stitutes a basis of unitary operators in d-dimensional 
Hilbert space. Defining |$+) = -^Y^f=Q\jj), it is 
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known that = (/ «) C/m«)|*+)}™,„Lo consti- 

tutes the orthonormal bases of the maximally entangled 
states, where I is the identity operator in D-dimensional 
Hilbert space. We introduce the local filtering opera- 
tors as Tk = :^Ef=V-^jli)OI. and stiU denote = 
(7(8)Tfc)|$+) correspondingly. By repeatedly using entan- 
glement swapping protocol as in, for example, Ref . [l3| . 



\<i>+)AB\^ + )cD 

have 



1$ 



m,n)AC\^m 



IBD, 



k=0 



where T = TmU„ 



(/ (g) T)|$+) = (T (g) /)!$+) has been used, similar to 
that in the two-dimensional case. By using a generalized 
Bell measurement, the final state shared between two end 
nodes is a pure state (/ T)\^~^)q^n+i- 

If we adopt a £)-dimcnsional concurrence definition 
given by C = ^/f — Trpjv-i-i (up to a factor), we can 
hardly obtain an explicit simple expression for the fi- 
nal entanglement. Fortunately, a class of entanglement 
measures are available, and we here choose a general- 
ized concurrence in a hierarchy 14 , [l5| to evaluate the 
entanglement, which is defined as = D i/detpjv+i, 
where pn+i is the reduced density operator of the state 
(/ (8) T)|<l>"'")o,Ar+i, noting that T depends on ruk^nk- 
Since the entanglement of the state \<^k) — {I®Tk)\(^^) 
IS Cf, = D ydetTfe , the resultant entanglement between 
two ends is. 



, Tn, and the relation 



N 



(12) 



fc=0 



where Prob{mj,nj, j =^ 0...N) is the probability corre- 
sponding to T. Thanks to the relation detUmn = 1 such 
that we have obtained this simple and concise equation. 
If all local filtering operations are the same, the product 
of the final entanglement and the corresponding proba- 
bility decays exponentially with the number of nodes N. 
For an extreme case, if all states \^k) are maximally en- 
tangled, we can always generate a maximally entangled 
state shared between distance two ends. 

For a generalized VBS state, we can consider a pro- 
jection operation on each nodes V Ylk=o \^ ■ Similar 
to that for the two-dimensional case, the entanglement 
swapping can be constructed, and a whole factor will ap- 
pear in (fT2|) . 

Discussion and ^Mmmar?/- While the VBS state and 
the related spin-1 chain were extensively studied before, 
here we have explored for the first time the entanglement 
swapping based on this system with non-identical local 
filtering operations. The local filtering operators may be 
adjusted according to the real physical systems. The Bell 
measurement for solid state systems can be realized by 



electron-pair beams splitter setup [16| , the similar setup 
is standard in quantum optics. If each valence bound is 
identical and not maximally entangled, then the resultant 
entanglement decays exponentially with the length of the 
chain. Since a long distance entanglement is a precious 
resource for quantum information processing, we may try 
to overcome the exponential decay by dividing the chain 
into several segments with each segment length compara- 
ble with the whole length. The entanglement swapping 
can be performed off-line in each segment, and if succeed, 
we can connect them together to constitute a longer one. 
We also wish to remark that the approach developed here 
is a unified one, which can also be applied, for example, 
in entanglement purification experiments where not all 
primitive entangled pair photons are equal or maximally 
entangled. 

Similar to the qubit case, the high dimension entangle- 
ment swapping should also have the exponential decay 
of entanglement for a chain of non-maximally entangled 
states. We have shown this result explicitly by using a 
generalized concurrence for quantifying entanglement. 
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